p-adic Banach modules of arithmetical modular forms 
and triple products of Coleman's families 



A. A. Panchishkin 
To dear Jean-Pierre Serre for his eightieth birthday with admiration 
Institut Fourier, Universite Grenoble-1 

Based on a talk for the French-German Seminar in Lille on November 9, 2005 



Abstract 

For a prime number p > 5, we consider three classical cusp eigenforms 

oo 

/i(^) = ^ ^k,{Nj,iljj), (j = 1,2,3) 

n=l 

of weights ^1,^2,^3, of conductors Ni, N2, N3, and of nebentypus characters ipj mod Nj. 

According to H.Hida fTTiSfi] and R.Coleman |(:;oPB| . one can include each fj (j = 
1, 2, 3) (under suitable assumptions on p and on fj) into a p-adic analytic family 

n=l 

of cusp eigenforms fj^kj of weights kj in such a way that fj^kj = fj, and that all their 
Fourier coefficients an{fj^k ) are given by certain p-adic analytic functions kj 1— > an,j{kj). 

The purpose of this paper is to describe a four variable p-adic L function attached 
to Garrett's triple product of three Coleman's families 

kj ^ |/j,fc^ = ^a„j(/c)g"| 

of cusp eigenforms of three fixed slopes aj = Vp{a^^j{kj)) > where a^^j = a^p'jikj) 
is an eigenvalue (which depends on kj) of Atkin's operator U = Up acting on Fourier 
expansions by ?7(X;^>o = Er>o""p9"- 

Let us consider the product of three eigenvalues: 

A = Xikuk2,k;) = 4;|(A:i)4;)(A:2)4^1(A:3) 
and assume that the slope of this product 

a = Vp{X{ki,k2,k3)) = cr{ki,k2, fes) = ai + a2 + (73 
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is constant and positive for all triplets {ki, k2, ks) in an appropriate p-adic neighbourhood 
of the fixed triplet of weights {ki, k2, k^). The each value aj is fixed. 

We consider the p-adic weight space X containing all [kj^il^j). Our p-adic L-functions 
are Mellin transforms of certain measures with values in A, where A = A{'B) denotes an 
affinoid algebra associated with an affinoid space S as in |('oPBj . where S = Si xSa, 
is an affinoid neighbourhood around (fci, A;2, fes) G (with a given integers kj and fixed 
Dirichlet characters mod N). 

We construct such a measure from higher twists of classical Siegel-Eisenstein series, 
which produce distributions with values in certain Banach A-modules M = M(A^;yi) of 
triple modular forms with coefficients in the algebra A. 
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1 Introduction 

Why study L-values attached to modular forms? 

A popular proceedure in Number Theory is the following: 
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Construct a generating 
function / = Y.'^^q anq"^ 
G C[[g]] of an arithmetical 
function n an, 
for example a„ = p{n) 

Example 1 |( 'hand 7(1] : 
(Hardy-Ramanujan) 



Compute / via 
modular forms, 
for example 

oo 

(A/g)-V24 

T 



n=0 



A number 
(solution) 



T 



p(n) : 



+o{ 



™-V2/3(ii-l/24) 

4y3A2 
V2/3(n-l/24) y;^3 



1/24, 



Good bases, 
finite dimensions, 
many relations 
and identities 



Values 

of L-functions, 
periods, 

congruences, . . . 

Other examples: Birch and Swinnerton-Dyer conjecture, . . . L- values attached to modular 
forms 



Our data: three primitive cusp eigenforms 



f,{z) = J]a„,,g- e §k,{N^,iJj), (j = 1,2,3) (1.1) 

n=l 

of weights ^1,^2,^3, of conductors Ni,N2,N3, and of nebentypus characters ipj mod Nj, N : = 
LCM{Ni,N2,N3). 

Let p be a prime, p\ N. 

We view fj G Qlqj ^ Cp|g] via a fixed embedding Q ^ Cp, Cp = Qp is Tate's field. 
Let X denote a variable Dirichlet character mod Np" ,v > 0. 

We view kj as a variable weight in the weight space X = Xj^pv = Homconi(^, C*), 
Y = iZ/NZyxZ;3iyo,yp). 

The space X is a p-adic analytic space first used in Serre's |Se73] Formes modulaires et 
fonctions zeta p-adiques. Denote by (fc, x) ^ ^ the homomorphism {yo, yp) x{yo)x{yp ^od 
p")yp- We write simply kj for the couple {kj,ipj) G X. 

The purpose of this paper is to describe a four variable p-adic L function 

attached to Garrett's triple product of three Coleman's families 

of cusp eigenforms of three constant slopes aj = OTdp{a^pj{kj)) > where a^j{kj), a^p^j{kj) 
are the Satake parameters given as inverse roots of the Hecke p-polynomial 1 — apjX — 
^,(p)/^-iX2 = (1 - 4;](p)X)(l - ag(p)X). 
We assume that OTdp{a^pj{kj)) < OTdp{a^pj{kj)). 
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This extends a previous result: (see |PaTV| . Invent. Math. v. 154, N3 (2003)) where a two 
variable p-adic L-function was constructed interpolating on all k a function {k, s) i— > L* {f^, s, x) 
(s = 1, ■ ■ ■ , — 1) for such a family. 

We use the theory of p-adic integration with values in spaces of nearly holomorphic modular 
forms (in the sense of Shimura, see |ShiAr| ). 



A family of slope a > of cusp eigenforms fk of weight k > 2: 



k^ fk = ^an(fc)g" 

n=l 

e Q[gl c CM 
A model example 
of a p-adic family 
(not cusp and a = 0): 
Eisenstein series 

anik) = ^d!'-\fk = Ek 

d\n 

The existence of families of slope a > was established in |CqPB| 

„ ^ , , • , , A program in PARI for computing 

K.Coleman gave an example with 

p = 7, / = A, A; = 12 

aj = r(7) = -7 -2392, a = 1. 



1) the Fourier coefficients a„(A;) of fk 
and one of the Satake 
p-parameters a{k) := a^\k) 

are given by certain p-adic analytic 
functions k i— a„(fc) for {n,p) = 1 

2) the slope is constant and positive: 

ord{a{k)) = a > 



such families is contained in j('ST98| 
(see also the Web-page of W. Stein, 
http : / /modular . f as . harvard . edu/ ) 



Coleman proved that : 

• The operator U acts as 
a completely continuous operator 
on each yi-submodule 'M^{Np^;A) 
C >A[g] (i.e. U is a limit 
of finite-dimensional operators) 
• there is a version 
of the Riesz theory: 
for any inverse root a E A* 
of Pu{T) there exists 
an eigenfunction g, Ug = ag 



=^ there exists 

the Fredholm determinant 

PuiT) 

= det{Id-T-U) eAlTj 

such that evk{g) G Cp|g] 
are classical cusp eigenforms 
for all in a neigbourhood 
B C X (see in \CoPB\ ) 



2 Generalities on triple products 

The triple product with a Dirichlet character x is defined as the following complex L-function 
( an Euler product of degree eight): 

Lifi ® /2 ® /s, s,x) = ll L((/i 0f2 fs),, xip)p-'), (2.2) 
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where ® h® Xy' = (2.3) 

det ^Ig - X 

product taken over all 8 maps rj : {1, 2, 3} {1? 2}. 

The Satake parameters and Hecke p-polynomials of forms fji 

Here the Satake parameters ^ , ^ are given as inverse roots of the Hecke p-polynomials 

1 - a,,X - ^j{p)p'^-'X' = (1 - 4i{p)X){l - 4i{p)X), 
We always assume that the weights are "balanced": 

ki>k2>h> 2, and fci < ^2 + fcg - 2 (2.4) 
Critical values and functional equation 

We use the corresponding normalized L function (see [De79], |Co] . |Co-PeRi] ). which has the 
form: 

A(/i®/2®/3,s,x) = (2.5) 

rc(s)rc(s -h + i)rc(s -h + i)rc(s -h + i)L{h ® /2 ® s, x), 

where rc(s) = 2(27r)-T(s). 

The Gamma-factor determines the critical values s = ki, ■ ■ ■ , k2 + — 2 of A(s), which 

we explicitely evaluate (like in the classical formula ({2) = —). 

6 

A functional equation of A(s) has the form: 

s 1-^ A;i + A;2 + ^3 — 2 — s. 

According to H.Hida |Hi86| and R.Coleman |(yoPB| . one can include each fj (j = 1,2,3) 
(under suitable assumptions on p and on fj) into a j9-adic analytic family 



fj : kj ^ {fj^k, = ^an{fj,k,)q"'} 



n=l 



of cusp eigenforms fj±. of weights kj in such a way that fj^kj = fj, and that all their Fourier 
coefficients an{fj,kj) are given by certain p-adic analytic functions kj ^ anj{kj). 
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3 Statement of the problem 



Given three p-adic analytic families fj of slope aj > 0, to construct a four-variable 
p-adic L-function attached to Garrett's triple product of these families. 

We show that this function interpolates the special values 

(S, /Ci, /C2, /C2) I ^ HflM ® /2,fc2 ® /3,fe3 5 -5, X) 

at critical points s = ki, - ■ ■ , k2 + — 2 for balanced weights fci < A;2 + fcs — 2; we prove that 
these values are algebraic numbers after dividing out certain "periods". 

However the construction uses directly modular forms, and not the L-values in question, 
and a comparison of special values of two functions is done after the construction. 

Consider the product of the Satake parmeters 

Xp = ttpjttpjctpj = Xp{ki, k2i k^) 

We assume that ordpa^j < ordpap^, and that the slope a = ordp(Ap(A;i, A;2, /^s)) is constant 
and positive for all triplets (/ci, /c2, k^) in a p-adic neighbourhood B C of the fixed triplet 
of weights (fci, k2, k^). 

Our method includes: 

• a version of Garrett's integral representation for the triple L-functions of the form: for 
r = 0, ■ ■ ■ ,k2 + k^ - ki - 2, 

MfiM ® hM ® h,k3^ h + k^- r, x) = 

/i,fci(^i)/2,fc2(^2)/3,fc3(2;3)£(^i, Z2, Z3; -r, x) TT( ^^J^^J ) 

(ro(AfV")\H)^ 

where fj^kj ='■ fj'^kj eigenfunction of U* in JAk^^Np^ipj), 

fj,kj,o is the corresponding eigenfunction of Up, 

8{zi,Z2,zs;-r,x)eMT{NY-) 

is the triple modular form of triple weight (fci, /c2, ^3), and of fixed triple Nebentupus character 

(V^i, ^2, i's), obtained from a nearly holomorphic Siegel-Eisenstein series F^^r = G*{z, —r; k, [Np")^ , ij^), 

of degree 3, of weight k = k2 + k^ — ki, and the Nebentypus character if) = x^V^i^2^3 

We obtain &{zi, Z2, z^; —r,x) from a Siegel-Eisenstein series 

by applying to Boecherer's higher twist (see ()11.22|) ) and Ibukiyama's differential oper- 
ator (see (HOHI)). 

These operations act explicitely on the Fourier expansions. 

Then one uses: 
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• The theory of p-adic integration with values in Serre's type yi-modules Mt(^) of triple 
arithmetical nearly holomorphic modular forms over p-adic Banach algebras A. Explicit 
Fourier coefficients a^^r{,R^7) G Q[-R, T] of £(— r, x) are given by special polynomials of ma- 
tricies T = (tjj), R = (Rij) and of x{P)P^ (with /5 G Z* fl Q) i.e. the coefficients of a^^^r by 

some elementry p-adic measures J xv^^f^i ^ Here A = A^'B) is a certain p-adic Banach 

algebra of functions on an open analytic subspace 3 = 3i x S2 x S3 C in the product of 
three copies of the weight space X = HomcontiX, C*). 

These measures on the group Y = (Z/NZ)* x Z* produce the coefficients of a^^r of £(— x) 

of Mr(yi) for all p-adic weights x G X, given by J x(?/)d/io- G A {an interpolation from 

X = xVp to all X E X). 

• The spectral theory of triple Atkin's operator U = Up^ 

allows to evaluate the integral using at each weight (fci, A;2, ^3) the equality (/°, £(— r, x)) = 
(/°, 7rA(£(— r, x))) with the projection tta of Mr(^) to the A-part Mt(^)^, defined by : 
KervTA := n„>i Im(t/T - AJ)", ImvTA := Un>i Ker(f/T - AJ)". 

We prove that f/ is a completely continuos yi-linear operator on a certain Coleman's 
submodule M(^)^ of Serre's type module M(yi). Then the projection tta exists (on this 
submodule) due to general results of Serre and Coleman, see [CoPBj, [SePBj. 

We show that there exists an element £(— r, x) ^ M(yi)''" such that at each weight (fci, /c2, ^3) 
the equality holds: 

(/",£(— r,x)) = (^/°) 7rA(£(— x))^, and the product can be expressed through certain co- 
efficients the series £(— r, x) which are the same as those of £(— r, x)- 



• Key point: modular admissible measures 

Let us write for simplicity: £(— r, x) for £(— r, x) 
lilT^A) instead of Mt(^)^ (Coleman's submodule) 

One defines adnnissible p-adic nneasures with values in Banach yi-modules Jil^i^A) which 
are locally free of finite rank, using the test functions: j xVp^^ = '^xi^i~i^jX))- 

Consider the evaluation nnaps ev^ : A Cp for any p-adic triple weights s = (si, S2, S3) G B. 

• Passage from values in modular forms to scalar values: apply an algebraic ^l-linear form 

M^(yi) ^ A to the constructed measure (in modular forms), and the evaluation maps 
A^ Cp for any p-adic triple weights s G X^. 

The linear form It is an algebraic version of the Petersson product (a geometric meaning 
of ir' the first coordinate in an (orthogonal) yi-basis of eigenfunctions of all Hecke operators 
Tg for q \ Np, with the first basis element fo G 'M^{A)). 
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Using the evaluation map and the MelHn transform 

We obtain the measure /x = iri^^) with values in A on the profinite group Y. 

• Construct an analytic function : X ^ A = A^'B) as the p-adic Mellin transform 

• Solution: the function in question L^{x, s) is given by evaluation of at s = (si, S2, S3) G 
'B: this is a p-adic analytic function in four variables 

(a;, s) G X X Si X S2 X C X X X X X X X 

s) := ev^{L^{x)) (x G X, s G Si x S2 x S3, L^{x) G A). 

Final step: comparison between C and Cp 

• We check an equality relating the values of the constructed analytic function L^{x, s) at the 
arithmetical characters 

X = ^ ^ , and at triple weights s = (fci, ^2, ^3) G S, with the normalized critical special 
values 

L*{fiM ® /2,fc2 ® fsM^ ^2 + ^3 - 2 - r, x) {r = 0, ■ ■ ■ , k2 + h - ki - 2), 

for certain Dirichlet characters x niod Np^,v > 1. These are algebraic numbers, embedded 

into Cp = Qp (the Tate field of p-adic numbers). The normalisation of L* includes at the 
same time Gauss sums, Petersson scalar products, powers of tt, the product Xp{ki, k2, k^), and 
a certain finite Euler product. 

4 Arithmetical nearly holomorphic modular forms 

Arithmetical nearly holomorphic modular forms (the elliptic case) 

Let yi be a commutative ring (a subring of C or Cp) 

Arithmetical nearly holomorphic modular forms (in the sense of Shimura, |ShiAr| are certain 
formal series 



g = (^{f^'i R)q^ £ -^bM-R]) with the property 

n=0 

that ioi A = C, z = X + iy & M, R = (47ry)~^, the series converges to a C°°-modular form 
on EI of a given weight k and Dirichlet character ip- The coefficients a(n; R) are polynomials 
in A[R]. If deg^ a(n; R) < r for all n, we call g nearly holomorphic of type r (it is annihilated 
by {^Y+\ see mM)- 

We use the notation 'Mk,r{N,ip,A) or M(X, ?/',yi) for j^-modules of such forms (In our 
constructions the weight k varies). 
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A known example (see the introduction to |ShiAr| ) is given by the series 

oo 

- 12R + E2 := -12R + 1 - 24 ^ ai(n)g" 

n=l 

= — limy^ y {mi + ■m2z)~'^\mi + ■m2z\~'^^ , (R = (ATTy)^^) 

mi,m2€:Z 

where ai{n) = J2d\nd- 

The action of the Shimura differential operator 

Id k 

is given over C by Sk(f) = ( 7; : — )f- 

This operator is a correction of the Ramanujan operator 

00 00 \ 3 ^ 3 ^ 

n=0 n=l n=0 ^ n=0 

which does not preserve the modularity. For example 9A = E2A, where E2 is a quasimodular 
form (in the sense of Kaneko and Zagier, see |Ka-Za| ). 

Notice that 6kf = {9 — kR)f , and that Serre's operator f ^ 9f — j^^'^f takes to 

Note that that the arithmetical twist operator 

00 00 

n=0 n=l 

is a natural analog of the Ramanujan operator. 

Triple arithmetical modular forms 

Let >A be a commutative ring. The tensor product over A 

Mk,.,T(iV, V', A) := Mk,,r{N, A, A) ® Mk,AN, ^2, A) ® Mk,AN, ^3, A) 

consists of triple arithmetical modular forms as certain formal series of the form 

00 

9= X] aini,n2,n3;Ri,R2,R3)qi'qTqT 

e Alqi, q2, qsjlRi, R2, ^3], where Zj = Xj + iyj G H, Rj = (47r|/j)"\ 

with the property that for A = the series converges to a C°°-modular form on of a given 
weight (fci, k2, ks) and character {ipi, 1^2, i^s), j = 1, 2, 3. The coefficients a{ni,n2, n-^; Ri, R2, R3) 
are polynomials in A[Ri, R2, -R3]. Examples of such modular forms come from the restriction 
to the diagonal of Siegel modular forms of degree 3. 
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5 Siegel-Eisenstein series 



Siegel modular groups 



Let = I 1 n ™ • '^^^ symplectic group 




Sp„(M) = {ge GL2mm\'9 " J2mg = J2m}, 



acts on the Siegel upper half plane 



= {z = ^z e MmiC)\lmz > 0} 

by g{z) = {az + b){cz + c?)^\ where we use the bloc notation 9 = (cd) ^ Sp2m(M). We use 
the congruence subgroup r^(A^) = {76 Sp^(Z) | 7 = (* *) mod A^} C Sp^(Z). 



A Siegel modular form 

/ G Mfc(r™(A^),x) of degree m > 1, weight k and a Dirichlet chracter x ^od is a holo- 



The Fourier expansion of / uses the symbol = exp(27ritr(T2;)) 

qij = exp{2^l{^/^ZiJ)) , and T in the semi-group Bm = {T = *T > 0|T half-integral} : 
f h) = Yl e C|g-^™](a formal g-expansion G Clg^"]), 

Siegel-Eisenstein series 
Example 5.1 ( |NAn2] . p. 408) 

Ef\z) =1 + 240gn + 240^22 + 2160g2^ + (240gr2' + 13440gr2' 
+ 30240 + 13440gi2 + 2A0qf^)quq22 + 2160^^2 + • • • 

E^iz) =1 - 504gn - 504^22 - 166 32gi\ + (-540gf2^ + 44352gf2^ 
+ 166320 + 44352gi2 - 5 0451^2)91 1^22 - 16632g^2 + • • • • 

Arithmetical nearly holomorphic Siegel modular forms 
Arithmetical Siegel modular forms 

Consider a commutative ring A, the formal variables q = {qij)ij=i,...,m, R = (-Ri,j)ij=i,..., 
and the ring of formal Fourier series 





(5.6) 
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(over the complex numbers this notation corresponds to = exp(27rztr(Tz)), R = (47rlm(z))-^) 

The formal Fourier expansion of a nearly holomorphic Siegel modular form / with coeffi- 
cients in ^ is a certain element of yi[g^™] [Rij]- We call / arithmetical in the sense of Shimura 
|ShiAr| . if .A = O. 

5.1 Algebraic differential operators of Maass and Shimura 
Maass difFerential operator 

Let us consider the Maass differential operator (see |Ma,a.| ) of degree m, acting on complex 
C°°-functions on by: 

A„ = det(4), 4- = 2-1(1 + 5ij)d/di„ (5.7) 
its algebraic version is the Ramanujan operator of degree m: 

:= det(^4) = det(%) = ^^^A^, (5.8) 

where 9m(g^) = det(T)g'^. 

Shimura difFerential operator 

The Shimura differential operator (see f Shi76| IShiAr] ): 

5kf{z) = det(i?)'=+i-"e^ [det(i?)"-i-V] , where R = (47ry)-\ 

acts on arithmetic nearly holomorphic Siegel modular forms, and the composition is defined 

= 4+2r-2 o ■ ■ ■ o 4 : M-(iV, Q) ^ M!^+2rm{N. ^; Q), (5.9) 
where 

hf{z) = det(|/)-i det(^ - z)"-'=A^ [det(z - zf-'^^fi, 

Universal polynomials Q{R,7; k,r) 

Let / = c(T)g^ G M™(A^, ?/)) be a formal holomorphic Fourier expansion. One shows 

TeBm 

that 6^^^ f is given by 

Q{R.7-Mc{'y)q' . 



11 



Universal polynomials (continued) 

Here we use a universal polynomial (IB.lOjl which can be defined for all A; G C, and it expresses 
the action of the Shimura operator on the exponential (of degree m): 

If m = 1, r arbitrary (see [?^hT76| V = ^(-l)^^"^' fT^^^'''^'' 



Universal polynomials (continued) 



If r = 1, m arbitrary, one has (see |Maa| ): 

m 



leBm 1=0 

m—l 

T^(a + K-1] 



where R = {4ny)-' = (i?,,) G M„(M), c„(a) = ^"^("^+^) r„(s) = W^-^/^ TT r(.- 

I I n- -I- K — I I J- J- 

i=o 

(j72)). 

Here we use the natural representation pr : GLm(C) — > GL(A''C™) (0 < r < m) of the 
group GLm(C) on the vector space A'"C™. Thus Prl^) is a matrix of size (™) x (™) composed 
of the subdeterminants of z of degree r. Put p*{z) = det{z) pm-rCz)~^ ■ 

Then the representations pr and p* turn out to be polynomial representations. 

In general (see |CourPa| . Theorem 3.14) one has: 

QiR,7) =QiR,7;k,r) (5.10) 

= E (t) ^^*(^)'"* E RL{>^-k-r)QL{R,7), 
Qz.(i?, T) = tr (*p„_,,(i?)pr^(T)) ■ . . . ■ tr (*p^_,(i?)pr^(T))). 

In ()5.1()|) . L goes over all the multi-indices < h < ■ ■ ■ < It < m, such that = + - • ■ + < 
mt — t, and Rl{(3) G Z[1/2][/5] in ()5.1()|) are polynomials in /3 of degree {mt — \L\) (used with 
[3 = n — k — r). 

Note the differentiation rule of degree m (see |Sh83 ]. p. 466): 

m 

A{fg) = 5^tr ['pr{d/dz)f ■ p''^_^{d/dz)g 

r=0 
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Example 5.2 (Siegel-Eisenstein series of odd degree and higher level) 

G*{z,s;k,'il^,N) (5.11) 
= det {yY ^ tpidet c) det{cz + d)-^\ det {cz + d)\- 



-2s 



c,d 

■[m/2] 



■V{k,s)LN{k + 2s,il}) I^JJ Liv(2A; + 4s-2i,'j/'^)j , where 

{c,d) runs over all "non- associated coprime symmetric pairs" with det(c) coprime to N , k = 
(m + l)/2, and for m odd the T-factor has the form: 
f{k, s) = z'"*^2-'"(^+^)7r-™("+*=)r^(fc + s). 

772 -|- 1 

We use this series with ^j) = k = k2 + k^ — ki > 2, m = 3, At = = 2, [m/2] = 1. 

2 

Theorem 5.3 (Siegel, Shimura |Sh83] . P. Feit |Fei86] ) Let m he an odd integer such 
that 2k > m, and N > 1 be an integer, then: 

For an integer s such that s = —r, < r < k — K, there is the following Fourier expansion 

G*{z,-r) =G*{z,-r;k,i/^,N) = a(X ^)/, (5-12) 

where for s > (m + 2 — 2k)/ 4 in ^5.1^) the only non-zero terms occur for positive definite 
T> 0, 

Fourier coefficients of Siegel-Eisenstein series (continued) 

a(T, R) = M(T, il^^k- 2r) ■ det(7)'=-2"-'^Q(i?, 7;k- 2r, r), (5.13) 
M{7,k-2r,tl:) = JJ Me{7,'4^{e)r''+^'-) (5.14) 

l\ dct(2'J) 

polynomials Q{R,7; k — 2r, r) are given by ^5.10\) . and for all 7 > 0, 7 G A^, is a finite 
Euler product, in which Me{7,x) G Z[x]. □ 

6 Statement of the Main Result 

Main Theorem (on p-adic analytic function in four variables) 



/f^^(^-r, X) 

1) The function : (3,^1,^2,^3) ^ 7-9 — I — ~ depends p-adic analytically on four 

variables {x ■ yp, ki, k2, /ca) G X x Si x x B3; 
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2) Comparison of complex andp-adic values: for all {ki, ^2, k^) in an affinoid neighborhood 
3 = 25i X B2 X B3 C X^, satisfying fci < ^2 + ^3 — 2; the values at s = k2 + k3 — 2 — r coincide 
with the normalized critical special values 

L*{fiM ® f2M ® hM, k2 + k3-2-r,x) (6.15) 
{r = 0,--- ,k2 + ks-k^-2), 

for Dirichlet characters x mod Np",v > 1, such that all three corresponding Dirichlet char- 
acters Xj have A'"j9-complete conductors: 

Main Theorem (continued) 

Xi mod Np" = X, X2 mod Np'" = ilJ2'ip3X, (6.16) 
X3 mod Np" = i>ii>3X, V' = x'^^ii'2i>3- 

The normalisation of L* in is the same as in Theorem C below. 

3) Dependence on x & X: let H = [2ordp(A)] + 1. For any fixed (/ci, A;2, ^3) £ S and 
X = X ' Up the function 

(/,£(-r,x)) 
(fJo) 

extends to a p-adic analytic function of type o(log^(-)) of the variable x G X. 

Remark. The function £f depends on the variables {s, ki, k2, k^,) in a different way: it is a 
mixture of the p-adic Mellin transform (in s), and of a rigid analytic function (in ki, k2, ^3). 

Outline of the proof 

1) • At each classical weight {ki, k2, k^) let us use the equality 

(f°,e(-r,x)> = (f°,7r,(£(-r,x))> 

which is deduced from the definition of the projector tta: KervTA := nn>i Im (t/T— A/)", ImvTA : = 
U„>iKer(f/T-AJ)". 

Notice that the coefficients of £(— r, x) ^ M(yi) depend p-adic analytically on (/ci, A;2, ^3) ^ 
S = Si X B2 X S3, where A = A^Bi x B2 x 'B3) is the p-adic Banach algebra of rigid-analytic 
functions on S. 

Interpolation to all p-adic weights: 

• At each classical weight {ki,k2,k3) the scalar product (f°,£(— r, x)) is given by the first 
coordinate of 7rA(£(— r, x)) with respect to an orthogonal basis of M'^(yi) containing fo with 

respect to Hida's algebraic Petersson product {g,h)^ := (gP\ i^^) ,h\, see |Hi9fl| . 
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Let us extend the linear form i{h) = j^o~f^ (defined for classical weights), to Coleman's 

type submodule of overconvergent families h G M'^(^)''" C JVl^{A) as the first coordinate of 
h with respect to some yi-basis of eigenfunctions of all (triple) Hecke operators Tg for q \ Np, 
having the first basis vector fo G M,^{Ay . 

The linear form £ can be characterized as a normalized eigenfunction of the adjoint Atkin's 
operator, acting on the dual j4.-module of M^(>A)^: £(fo) = 1. 

In order to extend fAoh = £(— r, %), we need to choose a certain representative of £(— r, x) 
in the yi-submodule M^(yi)^ , which is locally free of finite rank. 

A representative of £(— r, x) in the (locally free of finite rank yi-submodule) 'M^{Ay 

Choose a (local) basis i^, - ■ ■ given by some triple Fourier coefficients of the dual (locally 
free of finite rank) ^l-module M^{Ay*. 
Then define 

where Pi — G A, and ii denotes the dual basis of M^(yi)^: Piii) — Sij. At each p-adic 
weight {ki, k2, ks) G "B let us define 

m-r,x)) ■■= f3ii\ei-r,x)) + ■■■ + f3nt\^i-r,x)) (belongs to A), 
where /?j = £{£i) G A, and £*(£(— r,x)) G A are certain Fourier coefficients of the seies 



Conclusion 

There exists an element 



£(-r,x) G M\Ay C M{Ay 



such that 



£(£(— r, x)) =£(£(— r,x)) (at each weight {ki, k2, ks)). In fact, let us define 



£(-r,x) := i\^{-r,x))h + ■ ■ • + r(£(-r, x))4 

^ £(£(-r, x)) = £{ei)f{Ei-r, x)) + ■ ■ ■ + i{Qn^(-r, x)) 
= Pie{E{-r, x)) + • ■ • + /5nr(£(-r, x)) 
— £(£(— r, x)) (at each weight (fci, A;2, ^s))- 

Thus, the dependence of £(£(— r, x)) G ^ on {ki, k2, k^) G is ]9-adic analytic. 

In order to prove the remaining statements 2), 3), the dependence on x = x " Z/p is studied 
in the next section. 
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7 Distributions and admissible measures 



Distributions and measures with values in Banach modules 
Notation 

A (a p-adic Banach algebra) 

V (an yi-module) 

G(Y,A) (the yi-Banach algebra 

U of continuous functions on Y ) 

Qioc-const(j^^j^^ (the yi-algebra 

of locally constant functions on Y ) 

Definition 7.1 (Distributions and measures) a) A distribution T) onY with values in 
V is an A-linear form 

j;) ,Qloc~const^Y,A) ^V, ^^'D{^)= J i^dV. 

b) A nneasure n onY with values in V is a continuous A-linear form 



Y 



The integral J ipdjj can be defined for any continuous function Lp, and any bounded 
distribution /i, using the Riemann sums. 



Admissible measures of Amice- Velu 
Admissible measures 

Let hhe a positive integer. A more delicate notion of an /i-admissible measure was introduced 
in |Am-V| by Y. Amice, J. Velu (see also \M'rV\ . |Y|): 

Definition 7.2 

a) For h E N, h > 1 let y^iYjA) denote the A-module of locally polynomial functions of 

degree < h of the variable i/p : Y ^ ^ A^ ; in particular, 

'P\Y,A) = e'°"-"°"'*(F,yi) 

(the A-submodule of locally constant functions^. Let also denote C'°'^~""(F, /I) the A-module 
of locally analytic functions, so that 

7\Y,A) c '?^{Y,A) c e'°"-""(y,yi) c q{y,a). 
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b) Let V be a normed A -module with the norm \ ■ \py. For a given positive integer h an 
h-admissible measure on Y with values in V is an A-module homomorphism 

$ : '?^{Y,A) V 

such that for fixed a and for v ^ oo the following growth condition is satisfied: 



a+{Np") 

for all h' = 0,1, . . . , 



p,V 

h-l,ap := yp{a) 



(7.17) 



The condition ()7.17jl allows to integrate the locally-analytic functions on Y along $ using 
Taylor's expansions! This means: there exists a unique extension of $ to C'°'^~""(y, 71) V. 

7.1 [/p-Operator and the method of canonical projection 
Using the canonical projection ttx 

We construct our i?- admissible measure $^ : y^(F, 71) 'M{A) out of a sequence of dis- 
tributions $j. : y^(F, 71) — > M(7l) defined on local monomials of each degree r by the 
rule 

^ Xy; = vrA(£(-r, x)), where £(-r, x) e M = M(7l). 
Here £(— r, x) takes values in an 7l-module 

M = M(7l) C 7l|gi, q2, qsjlRi, i?2, R3] 

of nearly holomorphic (overconvergent) triple modular forms over 71 (for < r < i7 — 1, 
H = [2ordpAp] + 1), and the formal series £(— r, x) was constructed in the proof of 1) of Main 
Theorem. 

Definition of the canonical projection tta 

Here 71 is an Cp-algebra, and A G A^ is a fixed non-zero eigenvalue of triple Atkin's operator 
Ut = Ut,p, acting on M(7l), 

tta : M(7l) ^ M(7l)^ 

is the canonical projection operator onto the maximal 7l-submodule M(7l)^ over which the 
operator Ut — A/ is nilpotent (we call M(7l)'^ the A-characteristic submodule of M(7l)). 
The projector tta is defined by its kernel: KervTA := flnM Ini(f/T— A/)", ImvTA := Un>i Ker (f/y— 
AJ)". 
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8 Triple modular forms 

Triple modular forms are certain formal series 

oo 

9= 5Z a{ni,n2,n3;Ri,R2,R3)qi'QTQT 

ni,n2,n:j=0 

e AIqi, q2, qsllRi, i?2, R3], where Zj = Xj + iyj G H, Rj = {Anyj)'^, 

with the property that for A = C, the series converges to a C°°-modular form on of a 
given weight (/ci, /c2, ^3) and character {ipi, ip2,'4^3), j = 1, 2, 3. 

The coefficients a{ni,n2,n3; Ri, R2, R3) are polynomials in A[Ri, R2, R3], and the triple 
Atkin's operator is given by 

CO 

Urig)^ E a(pni,pn2,pn3;pRi,pR2,pR3)qi'q2^qT- 

ni,n2,n3=0 

Eigenfunctions of Up and of U*. 
Functions fj^ and fj^ 

Recall that for any primitive cusp eigenform fj = Yl^=i^n{f)q^, there is an eigenfunction 

ko = E"=i «n(/,-,o)g" e QM oiU^U^ with the eigenvalue a = e Q (C/(/o) = a/o) 
given by 

ho = /. - "S/.I^P = fj - (0 [) (8.18) 

00 00 

n=l n=l 

Moreover, there is an eigenfunction of U* given by 

/ n _i \ °° 

Therefore, Urififi (8) /2,o ® /s.o) = A(/i,o /2,o <H) /a.o)- 

9 Critical values of the L function /2 <S) /s, s, %) 

Choice of Dirichlet characters 

For an arbitrary Dirichlet character x mod Np"" consider the following Dirichlet characters: 

Xi mod Np" = X, X2 mod Np'" = '02'03X, (9.20) 
X3 mod A^p" = V'iV'3X, = X^V'iV'2V'3; 
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later on we impose the condition that the conductors of the corresponding primitive characters 
Xo,i) Xo,2, Xo,3 are Xp-completes (i.e. have the same prime divisors as resp. those of Np). 

Theorem A (algebraic properties of the triple product) 

Assume that k2 + — ki > 2, then for all pairs {x, r) such that the corresonding Dirichlet 
characters Xj have Np- complete conductors, and < r < k2 + k^ — ki — 2 , we have that 

A(/f ® ® fL k2 + ks-2-r, ^,^2X) ^ ^ 

where 

= (/l; /l)Af(/2, /2)Ar(/3! /3)iV- 



10 Theorems B-D 

Recall: the p-adic weight space and the Mellin transform 

The p-adic weight space is the group X = Homco„t(V, ) of (continuouos) p-adic characters 
of the commutative profinite group Y = \im{Z/Np'"Z)* 

V 

The group X is isomorphic to a finite union of discs U = {z & Cp \ \z\p < 1}. 

A p-adic L-function L(p) : X — Cp is a certain meromorphic function on X. Such a 
function usually come from a p-adic measure /i on y (bounded or admissible in the sense of 
Amice- Vein, see |Am-Vj ). The p-adic Mellin transform of fi is given for all x G X by 

Lip){x) = / x{y)dfi{y), L(^p) : X Cp 



Theorem B (on admissible measures attached to the triple product:fixed balanced 
weights case) 

Under the assumptions as above there exist a Cp-valued measure /U/ig,/2g,/3 on Y^^p, and a 
Cp-analytic function 

'^(p)ix, fi® f2® fs) ■ Xp Cp, given for all x G Xn,p by the integral D(p)(x, /i ® /2 ® /a) = 
jy^ x{y)dfi"j_^f^j^f^j^{y), and having the following properties: 

(i) for all pairs (r, x) such that x ^ X^n^^, and all three corresonding Dirichlet characters Xj 
have Np-complete conductor (j = 1,2,3), andr E Z is an integer withO <r < k2 + kz — ki—2, 
the following equality holds: 

'^(P)ixxl, /i ® /2 ® /a) = ipi-^, — ^ , , TT^ 

^ ^G{xi)G{x2)G{x3)G{ipiip2Xi)^p 
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A(/f ® ® fL h + h-2-r, 

(/l ® f2 ® fl /l,0 ® /2,0 ® /3,o)t,7Vp 

where V = oidp^C^), G{x) denotes the Gaufi sum of a primitive Dirichlet character xo attached 
to X (modulo the conductor of xo), 

(ii) if ordpXp = then the holomorphic function in (i) is a bounded Cp-analytic function; 

(iii) in the general case (but assuming that Xp ^ 0) the holomorphic function in (i) belongs 
to the type o(log(a;^)) with H = [2ordpAp] + l and it can be represented as the Mellin transform 
of the H-admissible Cp-valued measure t'')-^(^f2®f^ (in the sense of Amice- Velu) on Y 

(iv) Let k = k2 + ks — ki > 2. If H < k — 2 then the function D(p) is uniquely determined by 
the above conditions (i). 

Let us describe now p-adic measures attached to Garrett's triple product of three Cole- 
man's families 

oo 

^ = = 1, 2, 3). (10.21) 

71=1 

Consider the product of three eigenvalues: 

A = Ap(fci, k2, h) = ap}{ki)ap^2{k2)ap]i{k3) 

and assume that the slope of this product 

a = ordp(A(fci, k2, ks)) = a{ki, ^2, k^) =0-1 + 0-2 + 0-3 

is constant and positive for all triplets (/ci, k2, k^) in an appropriate p-adic neighbourhood of 
the fixed triplet of -weights (/ci, ^2, k^). 

Let A = denote an affinoid algebra A associated with an analytic space B = 

"Bi X "82 X S3, a neighbourhood around {ki, ^2, k^,) G (with a given k and ip mod A^). 

Theorem C (on p-adic measures for families of triple products) 

Put H = [2ordp(A)] + 1. There exists a sequence of distributions on Y with values in 
M = M(yi) giving an H-admissible measure with values in M'^ C M with the following 
properties: 

There exists an A-linear form i = ^/i^/j^/^.a : "M^A)^ — > A (given by \11.24\ ), such that 
the composition 

is an H-admissible measure with values in A, and for all {ki, k2, k^) in the affinoid neighbor- 
hood S = Si X S2 X S3, as above, satisfying ki < k2 + k^ — 2 
we have that the evaluated integrals 
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on the arithmetical chracters i/pX coincide with the critical special values 

A*(/i,fci ® f2,k2 ® fsM^ ^2 + ^3 - 2 - r, x) 

for r = 0, ■ ■ ■ , k2 + — ki — 2, and for all Dirichlet characters x mod Np"", v > 1, with all 
three corresonding Dirichlet characters Xj given by ^6.16^) . having Np-complete conductors. 
Here the normalisation of A* includes at the same time certain Gauss sums, Petersson scalar 
products, powers of n and of \{ki, k2, k^) , and a certain finite Euler product. 

The p-adic Mellin transform and four variable p-adic analytic functions 

Any /i- admissible measure /t on F with values in a p-adic Banach algebra A can be caracterized 
its Mellin transform : X — yi, defined by = x{y)djl{y), where x G 

X, L-^{x) e A, 

Key property of ^-admissible measures p,: its Mellin transform £^ is analytic with values in A. 

Let A = = AiiS)A2®A3 = yi(3i)(g)yi(32)®^(S3) denote again the Banach algebra 

A where S is an affinoid neighbourhood around (fci, ^2, fcs) G (with a given integer k and 
Dirichlet character ip mod N) . 

Theorem D (on p-adic analytic function in four variables) 

Put H = [2ordp(A)] + 1. There exists a p-adic analytic function in four variables {x, s) G 
X X Bi X ^2 X C X X X X X X X; 

Lfi:{x,s)\ — > evs{^fi{x)) (x G X, L^(x) G ^1). 

with values in Cp, such that for all (^1,^2,^3) in the affinoid neighborhood as above B = 
Si X B2 X B3, satisfying ki < k2 + k^ — 2, we have that the special values iL^(x, s) at the 
arithmetical chracters x = y"!pX, md s = {ki, k2, k^) G S coincide with the normalized critical 
special values 

L*{fiM ® /2,fc2 ® fsM^ k2 + k3-2-r,x) {r = 0, ■ ■ ■ , k2 + k^ - ki ~ 2), 

for Dirichlet characters x mod Np^,v > 1, such that all three corresonding Dirichlet charac- 
ters Xj given by ^6.1f^) . have Np-complete conductors where the same normalisation of L* as 
in Theorem C. 

Moreover, for any fixed s = (fci, ^2, ^3) G B the function 

X I — > Cjp_(^x, s) 

is p-adic analytic of type o(log''^(-)). 

Indeed, we obtain the function in question -C^(x, s) by evaluation at 

s = ((si, iJi), {S2, ^Ij2), (ss, V3)) e S : 
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this is a p-adic analytic function in four variables (x, s) G X x Si x 52 x B3 C X x X x X x X: 

s) := et;,(£^)(x) (x G X, s G Si x S2 x S3, L^{x) G /l). 

This is a joint work in progress with S.Boecherer, we use: 

1) the higher twists of the Siegel-Eisenstein series, introduced in |Boe-Schm] . 

2) Ibukiyama's differential operators (see [Ibuj, |BSY| ). 

11 Ideas of the Proof 

11.1 Boecherer's higher twist 

We define the higher twist of the series F^^r = J2i'^x,r{Ry'^)Q'^ by some Dirichlet characters 
XijX2,X3 cis the following formal nearly holomorphic Fourier expansion: 

Fx,r = $^Xl(il2)X2(tl3)X3(t23)ax,r-(^,^)g''- (11-22) 
T 

The seies ()11.22|) is a Siegel modular form of some higher level, but it has additional symme- 
tries with respect to symplectic embedding 63 : ro(Xp^*') x To{Np'^'") x To{Np'^'") — > SP3: its 
triple Nebentypus character does not depend on x ^od Np" , and is equal to (i/'i, ?/'2; ^/'s), if 
we choose Dirichlet characters as in (|6.16|] : 

Xi mod Np" = X, X2 mod Np" = ip2ip3Xi 
X3 mod Np'" = ipiijJsX, i> = X^V'1^2^3- 

We use the Siegel-Eisenstein series F^^r which depends on the character x, but its precise 
nebentypus character is -0 = x^^i^2^3, and it is defined by F^^r = G*{z, — r; k, (Np^)'^ ,1/)), 
where z denotes a variable in the Siegel upper half space EI3, and the normalized series 
G%z, s; k, {Np^' f, -0) is given by (lOTTl . 

This series depends on s = — r, and for the critical values at integral points s G Z such 
that 2 — k < s < 0, it represents a (nearly) holomorphic Siegel modular form in the sense of 
Shimura [ShiAr] : 

F^^, = det{7)''-^'-''Q{R, 7;k- 2r, r)a^^r{7)q'^- 

11.2 Ibukiyama's differential operator 

We use an algebraic version of Ibukiyanna's differential operator, which generalizes the algebraic 
"pull-back": it transforms a nearly holomorphic Siegel modular form of weight /c to a nearly 
holomorphic triple modular form of weight (fci, ^2, ^3) {k = k2 + k^ — ki). 

On a holomorphic Siegel modular form F = XIt'^C^)^^' ^^^^ operator has the form 

^i'^iF) = 5^ n^i, ^2,^^3,0, T)a(T)g^g*-g*-, (11.23) 
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where X = ki — k^ > fi = ki — k2 > 0, and k2, k^, r; T) is certain Ibukiyama's polynomial, 
equal to (tiit22i33)^(ii2ii3i23)^, if r = 0. 

As a result we obtain a sequence of triple modular distributions $r(x) with values in the 
tensor product Mt(^) = M(yi)®yiM(yi)®yiM(j^) of three Banach ^-modules of arithmeti- 
cal nearly holomorphic modular forms (the normalizing factor 2^ is neeeded in order to prove 
certain congruences between Note that Mt('A) is again a Banach /l-module on which Ut 

acts as a completely continuous operator. 

The innportant property of the triple nnodular fornns $t-(x)- the nebentypus character is fixed 
and is equal to {ipi,ip2, V's) (for ciU (^i, ^2, k^) and x question). 

Using this property we compute the canonical projection 7i\{^r{x)) of the triple modular 
form $r(x) onto the A-characteristic yi-submodule Mt^{A) of the triple Atkin's operator Ut^p' 

Tlx : Mt{A) M^A). 

We prove that the resulting sequence of modular distributions nx^^r) on the profinite group 
Y produces a certain p-adic admissible measure (in the sense of Amice- Velu, |Am-V] ) with 
values in a certain locally free yi-subnnodule of finite rank 

M^A) c Mt{A) c \jMT{Np\^i,tlj2,^3;A) 

v>0 

of formal nearly holomorphic triple modular forms of all levels Np^ and the fixed nebentypus 
characters {ipi,ip2,4'3)- We use congruences between triple modular forms $r(x) ^ Mt{A) 
(they have explicit formal Fourier coefficients). 

Then we use a general adnnissibility criterion saying that these congruences imply in- 
admissibility for their projections in 'M^{A), where H = [2ordp(A)] + 1. 

11.3 Algebraic linear form 

3) Fronn M^(yi) to A: we use a Q-valued linear forms of type 

£ ^ (/i°^/2°^/3°./^) 

if 11 fl,o) if 2 1 /2,o) {fs, hfl) 

where fj^ is the eigenfunction ()8.18|) of the conjugate Atkin's operator U*, and /j o is the 
eigenfunction (18.191) of Up. The linear form L is defined on the finite dimensional Q- vector 
characteristic subspace 

h e Mk(Q)^('') C 

Mk,,r4Np,^iM ®^k,,r4Np,ij2;Q) ^Mk,,r*{Np,^3;Q)- 

This map is then extended to an yi-linear map 

i = if,m^f,,x:MiA)^^A; (11.24) 
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on the locally free /l-module of finite rank Jyi{A)^. 

This map produces a sequence of yi- valued distributions G -A in such a way that for 

all suitable weights k G S one has 

where k = (fci, ^2, k^) G B, efk : S ^ Cp denotes the evaluation map with the property 

evk : M{A) Mk(Cp). 
More precisely, we consider three auxilliary families of modular forms 

4fc,W= (11-25) 

oo 

5^<,,fe^.eM G Sfc^,(ro(iV,p'^0,V',), (1 < J < 3,z/, > 1), 

n=l 

with the same eigenvalues as those of ()in.2H) . for all Hecke operators Tg, with q prime to Np. 
In our construction we use as fj^kj certain "easy transforms" of primitive cusp forms in ()1.H1 . 

In particular, we choose as fj certain eigenfunctions = f^'j^. of the adjoint Atkin's 
operator U*, in this case we denote by fj,kj,o the corresponding eigenfunctions of Up. 

The Q-linear form £ produces a Cp-valued admissible measure /i^ = starting from 

the modular p-adic admissible measure of stage 3), where £ : Mr(Cp) Cp denotes a 
Cp-linear form, interpolating L. 

11.4 Evaluation of j9-adic integrals 
L-values and p-adic integrals 

4) We show that for any appropriate Dirichlet character x ^od Np" the integral 

evaluated at (^1,^25^3) G S = Si x S2 x B3, coincides (up to a normalisation) with the 
special L-value 

L^ifiM ® f2M ® fsM, h + h-2-r, z^iz^sx) 
under the above assumptions on x and r). 

A general integral representation of Garrett's type 

The basic idea how a Dirichlet character x is incorporated in the integral representation 
|Ga87[ iBoeSPj is somewhat similar to the one used in jBoe-Schin] . but (surprisingly) more 
complicated to carry out. 

Note however that the existence of a ^l-valued adnnissible nneasure fl^ = £(<l^) established at 
stage 4), does not depend on this technical connputation. 
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In order to control the denominators of the modular forms 
used in the construction (the admissibility condition) we use the following result. 



12 Criterion of admissibility 

Theorem 12.1 (Criterion of admissibility ) Let a e A*, < \a\p < 1 and suppose 
that there exists a positive integer k such that the following conditions are satisfied: 
1 ) for all r = 0,1, h — 1 with h = [xordpO;] + 1, and v > 1, 

^r{a + {Np'')) G M(A^p"^) (the level condition) (12.26) 

2) the following congruence for the coefficients holds: for all t = 0,1,- ■ -^h — 1 

t 



r=0 ^ ^ 



<l>^(a+ (iVp^)) = modp 



vt 



(12.27) 



(the divisibility condition) 

Then the linear form given by ^°'{6a+{Np^)yp) '■= '^a{^r{0' + {Np"")) on local monomials 
(for all r = 0,1,- ■ ■,h - I), is an h-admissible measure: <l° : J'''(F, Q) ^ M° C M 

Proof uses the commutative diagram: 

M{Np"+\tlj;A) ^ M''{Np'"+\^;A) 

M(Arp,^;yi) — > W{Np,%l)-A) = M"(A^p^+\V^;yi). 
The existence of the projectors tTq, ,; comes from Coleman's Theorem A. 4. 3 |CoPB| . 

On the right: U acts on the locally free yi-module 'M°'{Np'"^^ ,A) via the matrix: 



where a ^ A" 



=^ W" is an isomorphism over A, 
and one controls the denominators of the modular forms of all levels v by the relation: 

TTaAh) = U~'''K^fl{U''h) =: 7r„(/i) (12.28) 
The equality (112. 28|] can be used as the definition of tTq at any level Np'" . 



( a 









a 


* 





■ 






■ 


a 1 



The growth condition (see ()7.17|l ) for vrQ,($r) is deduced from the congruences (|12.27|1 
between modular forms, using the relation (|1 2.2811 . 
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